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ABSTRACT

Let {w,} be a sequence of positive constants and W_ =

n
W
wy + ... + w_ where W - «© and L 5 @, Let {Xn} be a sequence
’ n
of independent random elements in D{0,l]. The almost sure con-

1 n
vergence of = k=1

conditions and growth conditions on the weights {wn}.

wkxk is established under certain integral

The results
are shown to be substantially stronger than the weighted sums
convergence results of Taylor and Daffer (1979) and the strong
laws of large m oers of Ranga Rao (1963) and Daffer and Taylor

(1979).

KEY WORDS AND PHRASES. Weighted Sums, Random Elements in D[0,1],

Strong Laws of Large Numbers, Integral Conditions, and Almost

sure convergence.

AMS (1979) CLASS1FLCATION CODE. Primary 60Bl2; Secondary 60F15.
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I, INTRODUCTLON.

e e e et 8

The convergence of weighted sums of random eiemcnts in DL O,1] was ob-
tained by Taylor and Daffer (1979) using a number of conditions such as convex
tightness, moment conditions, and others. In this paper both the moment condi-
tions and the tightness conditions arce substantially relaxed in obLaining the
almost sure convergence ot weighted sums of random elements in DLO,L). In
addition, a brief discussion of the necessiary integral conditions will be
included which will delincate these results and previous work.

Let DHOLLI(= 1) denute the space of real-valued functions on L0,1) which
are right continuous and possess left-hand linits for each tei 0,17, Let the
Pincar space D be equipped with the topolopy generated by the Skorohod metric

d and let ff “u) denote the uniform norm, " x”q, = sup I x(t)] for x € D.
tel 0,11
Next, let (2, A, P) denote a probability space. A random element Xin D is a

function X: § + D which is measurable with respect to the Borel sets of the
Skorohod topology. Random elements in D are characterized by the property

that X(t) Is a random variable for each tei0,1]. The expected value EX € D
can be defined pointwise by (EX)(t) = E(X(t)) for each tel0,1] when E|l x| < =
Detailed peometric and probabilistic properties of the space D with the uniform
nore aind the Skorohod metric can be found in Billingsley (1968), pp. 109-153

and Taylor (1978), pp. 153-184.

2. INTEGRAL CONDLTLONS.

In obtaining the strong law of larpe numbers for independent, ideatically
distributed random clements in D, Ranga Rao (1963) used the following crucial

Jemma,

LEMMA 1. 11 X is a random clement in D with Elf X|| < =, then for cach

) M

€ > 0 there exists a partition 0 = to < tl <...< cm = 1 of 10Q,1] such that
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max sup ElX(t) - X(s)| < e. (z.1) ;;
1<ism t:i l’:t,s<li

In extending inequality (2.1) to a sequence of random elements and in

trying to obtain strong laws of large numbers for non-identically distributed

2T LA

- random elements, the following formulation of integral propertics were moti-

RIS R Mg e

viated.

4 : DEFIRITION. A sequence of random elements {Xn} in D is said to satisfy
=
pl. - (1) property (RR) if for cach € > 0 there exists a partition
3 U=t <t <...<t =1of {0,1] such that
+ 0 1 il
sup  max sup Elxn(t) - Xn(l.‘.)l < €, (2.2)
<ivm- Lt
. _ no tUuium-l Li. L\(i+l
< ‘ (b)) propetty (wl) it for cach ¢ > 0 there exists a partition
0 = LO < L <.l tm = 1 ot [0,1! such that

sup  omax Ll sup 'X (t) - X (ti)“ s €, (2.3)
n <i<m-1 r. <y, n n
i i+l

(¢) property (T) if for cach £ > 0 there exists a (Skorohod) compact sct K

such that

PRGN AU S MR R AMT S | SRR TE A R SR R
e

sup Ejj X < €. N
sup Ejj \n'LX éKJ“w C (2.4)
4 n n
:
=L
0y

Clearly, property (wT) implies property (RR). Also, identically dis-

arbmm s xv ek

tributed random elements {xl} with Ef| x]H < » satisfy (RR) obviously and
[}

satis{y (mT) by Lemma 2 since (T) follows from the tiphtness of identical

distributions.

LEMMA 2.

1if {X"] satisfies property (RR) and property (T), then {Xn}
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satisfies property (wT).

PROOF. Let € > 0 be given. Choose K (Skorohod) compact such that

sup E| xn'lX { K}“"' S % . (2.5)
n n

Since K is compact, taere exists § > 0 such that
Ix(t) = x(s)]  [x(u=0) - x(s)| +% (2.6)

for each x € K whenever 0 2 s St <u<s+ 6.

By (RR) choose a partition (t‘,...,tm} of 10,11 such that

sup  max sup Elxn(t) - x“(ci)l s% R 2.7
n  0¥ism-1 ci'(t(tiﬂ

and without loss of generality it can be assumed that ti+l - ti < § for all

i=0,1,...,m1. Note that from (2.7)

sup max sup E{Ixn(t:) - xn(ti)llfx e Kl] < % s (2.8)
n i ti::t<ti+1 n

< 2 sup|| x|l

4nd by the bounded convergence theorem (lxn(c) - .‘(n(l:j)| 1 X e K sup

. £
s:p m.'ilx El |)(“(tth -0) - xn(ti)‘llxn ¢ Kll < 3 - (2.9)

Thas, Trom (2.6) and (2.5)

sup max E|  sup lxn(t) - xn(ti)l 1

n i t. st<t,
i i+l

< sup max El  sup lx“(t) - xn(ti)lllx € KJ]
n i tostst n

+supmax EL sup X () - X“(ti)“rx ¢ k1’
oL gsetin "
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A

. . (4 €
sup max ”(lxn(ti-ﬂ -0) - xn(ti)l + 3 ) 1

. X € Kll
n i n

TR T

Fa
o
5
T

: + sup ELZ[lxnno) llX ¢ Kl!

n n e
=k 7]
£y € :
g & 5 . - - . . + = E
ik = sup max E“xn(cl.-ﬂ 0) xn(tl)lrlx cxil 3 PIX, €Ki ‘%
sk n ) § n ;
“ E
3 +E E
& 3 g
k-
€ ,€ ,E 5

ST+ 4T =
s3t3r3 CE §
3
by (2.9) 111 g

Property (T) has becn used in several laws of large numbers for random

¢lements in Banach spaces to eliminate the assumption of identical distributions.

U oo, Fh ot VAol W RN IS

i)

o

In Banach spaces it could be assumed (wlog) that the compact set K in (2.4)
was also convex. However, this assumption is not possible in D since the

Skorohod topology is not locally convex. Moreover, the consideration of D

T AL M Eor Ly T L

with the uniform norm topology is much too restrictive on the functions which

Hrti e et St oA

can be random elements. Thus, in obtaining laws of large numbers for D,

Y

Patfer and Taylor (1979) required convex tightness or that the (Skorohod)

3

compact set in (2.4) also be convex. In particular, the previous convex

tiphtness condition can be partially iormulated by the integral condition

4

ST TR TR T S TR R ERE LA

4,
"

sup Elmax sup !X (L) - X (t.)lj s €. (2.10)
n i t.st<t n no1
i i+l
Property (nT) is clearly much more gencral than (2.10), and convergence results
in the next section using property (wT) are a marked improvement over the
results of Taylor and Daffer (1979) and include the results for ideatical

distributions.
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¢ 3. ALMOST SURE CONVERGENCE.

o Let {wk) denote a scquence of positive constants.  Def ine

55 n “n

§ wn =W, + ... + W bn = Zk=l i xk, and N(x) = card{n: ‘;; < x}. Random

5y
152,

variable {Yn} are said to have uniformly bounded tail probabilities if there

i

exists a nonnegative real-valued raandom variable X such that

ek g

¥
e

P

l':'g){ni >l PIX > t) for cach u and for all t ¢ L. This property is denoted

L

b

by {'l'n} & X. T'e tollowing real-valued result can be obtained trom the geo-

9 metric Banach space results of llowell, Taylor and Woyczynski (preprint) and

will be used in establishing the almost sure convergence of weightoed sums ol

randuiy clements in D,

¥

THEOREM 1. Let ix") be iadependent (real-valued) random varlables such
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that i}inla X, EN(X) < w, and for some 1 £ D= 2

[ s g f7 B Gy ae <.
0 :

Hi k" -+ «o_ then
n

where

1
T o W )

-3 3 ECX L . k
%% k=1 k ‘k ll)\kisw—'l
3 N = L k
518 " W
: n
R W
?%%? REMARK. 1f -+ @, EX < o, and EX, = EX for all n, then
R w"
$
L EX, > 0 a.s.
n

since
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jex) - v | s Elx -y |- { LdeLx |sedde

. -n
w
n
Q wn w [+ 4]
= - [T vavrtx|>trs="PIx>-21+ [0 PIX>tlde
’ n w
W n n W
n .
w w
n n

+ 0 as n > »,

THEOREM 2. Let {xn} be independent random elements in D such that
() property (ml) is satisfied, (ii) {i‘xn“ } X' X and EN(X) < =,

(1ii) r-.x“ = F.)(l for all n, and (iv) for some 1 < p < 2

I x> 1% ML gy gr < w, (3.1)
0 t vy

W
n

1} b.'n + o« and o + W then
n

/s

5 - ey !
n

PROOF. By property (mT) where exists a partition 0 = tO < t]<...< tm== 1

such that

ok

x Ei sup ka(t) - Xk(ti)l} < € for each k. (3.2)

ma
0<ism-1 t.st<e,
i+l

pde

Fer each n

t l__ n SR
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1 n
+ max l—-):= w X (t.) -
0<i<n W k=1 "k'k'i

+  max sup !lixl(t)
<m~- <t<
0si<m-1 ti..t t:i+1

The last term in (3.3) is less than ¢ osince

sup lli.\ll(L) - F'xl("i” = El  sup IX
r.st<t, t.zt<t,
i i+l i i+

For cach i (Xk(ti)}-i\ X, amd Theorem o yiclds

1 1 , g i
! wn c k=1 wkhk(ti) Lxl(ti)l r o

Exl(ti)i

bxl(ti)l. (3.3)

1(t) - X](ti)li.

1

a.s. (3-4)

for cach i. Hence, the second term of (3.3) poes to 0 a.s. as n + @,

For the first term of (3.3), define

K = sup ]Xk(t) - Xk(t‘.i)! and 2 @ Y (1 _ EY 1)

t15t< ti+l

k k k °

For each i {Zk(i)} are independent random variables with zero means and

_(i)} ~ 2X. Thus,

{Ak

n (i)
Teet ¥ %

n

%y Theorem 1, for each i = 0,1,...,m-1, or

.: vy (i) Z" w. EY (i)

k=1 "K'k

lim sup —w lim sup ————————-< ¢ (3.5)

W
n n n n

.5, for cach i by property (wf), Henee,

lim sup || %"—* Z:=l wi X~ '5x1|l°, S
n n

AeS. (3.6)
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and the proof is completed by taking a sequence of €'s pgoing to zero and by
excluding a countable union of null sets. /11

To obtain the traditional strong law of large numbers, let Vi T 1 for
all k. Then, N(y) = [y] (the preatest integer function), and condition (3.1)
becomes

[ Pheix s o 7 ¥R Gy g
ptl
0 t y

s e -y T
N A NN | ST Y dt 7 Pix > tlde
0 t 0

for cach p > 1. Thus, the following corollary is immcediate.

COROLLARY 1. If {X ] is a scquence of independent random elements in D
n

such that (i) property (mT) is satisfied, (i) (an'-.’ X and EX < o, and

(iii) EX = EX|, then
ulZ“ X, -Ex || »o0 a.s.
n= k=1 "k "1

It is easy to show that
max E|l sup |x“(:) - l-.)\"(l) - (xn(ci) - hxn(ti))ll

i <t<t.
t.i i+l

< 2max EI  sup IX"(t) ~ Xn(ti)“
i . st<g,
i i+l

and that {X - uxnl has property (wl) i {Xn} has property (mT). Also, if Tor
n

some pr 1, E ”\n" P . M tor all n, then

. M ~ M
PEIX I > e 2 T { 1'.',—+-ds

will yield a random variable X such that {X“]-‘ X and
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EX = _[ l‘ M ds = ph I - -!-l-; ds < oo,
—p \_P’H = S
M o'

COROLLARY 2. If {.\’“} is a scequence ol independent random elements in D

such that (i) property (mT) holds and (ii) for some p>!, sup E “X“"p < oy
n
then

. len . . -
i Zkzl ).k - H.\I u +0 a.8.

Corollary 2 represents a major improvement over Theorem 1 of Daffer and

Taylor (1979) in that not only is convergence in the Skorchod topology replaced
vy convergence in the uniform norm  but the restrictive condition of convex
tightnes: is replaced by property (o). Finally, since identically distri-
buted random clements with a ficst absolute moment satisfy property (aT), the

folloving more general form of the strong lav of large numbers is available.

THEOREM 3. 1If {xn} are identically distributed random clements in D

sweh that (i) l-‘.t(l exists and FN( ]!XIH) <w gnd (ii) for some- 1 s p =2

@ ! . w N( )
7 opi It > e Y gy dt < =,
Io e, I It il O
then
. | n
1 PRI T 0.
i K ) g w5 Bl o a.s.
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